ABSTRACT The retailer's platform goodwill and the manufacturer's brand goodwill are important factors that influence the consumer's purchasing behavior under a consignment contract. In order to examine these effects on firm's decisions under different channel structures, a supply chain, including a single manufacturer and a single retailer, is considered, where the retailer provides the sales platform and the manufacturer sells the product through the retailer's sales platform under the consignment contract. By constructing a price-dependent and goodwill-dependent demand and using the differential game theory, the optimal equilibrium strategies are obtained under the decentralized and centralized structures. Our results demonstrate that the relationship of retail prices under two channel structures depends on the share of the revenue, and the centralized scenario could not always lead to a higher advertising effort. Subsequently, the decentralized supply chain is coordinated by designing the linear goodwill-dependent contract. Finally, the effects of the share of revenue and the effectiveness of advertising efforts on the equilibrium strategies as well as profits are illustrated by some simulations.
I. INTRODUCTION
During the past two decades, a great deal of effort has been devoted on the supply chain management, see e.g., inventory, advertising, pricing, contract choice [1] - [4] . In particular, the consignment contract has been widely adopted in many online sale platforms, such as Amazon.com, JD.com, the mobile platforms with ''Apps'', and so on [5] , [6] . Accordingly, these platforms themselves offer the consumers with goods available. Meanwhile, the platform owner usually invites various third-party suppliers to sell their products through the platforms, where the platform owner would deduct a certain percentage from the sales price when the products are sold. For instance, Amazomn.com charges 6-20% of the sales price only when the third-party supplier's products are sold [7] , and iTunes App Store keeps 30% of the The associate editor coordinating the review of this manuscript and approving it for publication was Ton Do.
revenues from the related Apps [8] . Moreover, most enterprises indeed face the threat of severe competition, shorter product lifetime and dynamic yet complex market. In this case, the platform owner and the third-party suppliers usually invest in the advertising in order to promote their business goodwill (platform goodwill and brand goodwill) and attract the customers. Hence, we aim to investigate the pricing and advertising equilibrium strategies for supply chain under consignment contract, where the platform goodwill can affect the brand goodwill.
In recent years, the consignment contract has attracted increasing research interests [9] - [13] . In [14] , the definition of relative strength of preference between consignment and wholesale contracts during the contract choice has been given, and the effect from many factors (e.g. cost share, price elasticity, and price markup) onto the strength of contract preferences has been discussed. In [15] , the inventory risk has been compared under the wholesale/consignment contracts, and the impact of a financial constraint on efficiency of supply chain has been discussed. In [16] , the contract preferences of the two players have been discussed by considering the dynamic effect of the advertising under the consignment and wholesale contracts. On the other hand, both the vendor-managed consignment inventory (VMCI) and the retailer-managed consignment inventory (RMCI) have been widely compared in the literature. It should be pointed out that the channel performance under VMCI is more efficient as mentioned in [11] . Subsequently, the customer return behavior has been taken into account in [17] , and it has been revealed that the VMCI is still advantageous for the channel performance even though the full-refund policy is allowed. In [18] , the consignment contracts with bonus or side payment have been examined, the results showed that they can better coordinate the addressed supply chain. When the supply chain subjects to uncertainty and stochastic demand, both the advance-purchase discount (APD) contract and the revenue sharing contract can achieve the coordination [19] . In [20] , the pricing and investment of shelf-space strategies in a two-echelon supply chain have been studied and the supply chain has been coordinated by providing the two-part tariff contract. Furthermore, how to enhance the channel efficiency under a dynamic setting has been discussed in [21] by employing a discrete-time model. However, it should be noted that although the managerial implications have been analyzed in the above mentioned references, it is additionally necessary to discuss the framework for supply chain under consignment contract with the dynamics of platform goodwill. The major reason is that the platform goodwill is important factor influencing the consumer purchasing behavior in the environment of consignment sale.
Another research stream of related literature studies the advertising's effect on the goodwill, and increasing research attention has been devoted concerning on the advertising strategy problems [22] - [26] . For example, the brand goodwill of channel members has been viewed as an important influential factor on product demand in [27] , in which the channel members have invested their own advertising effort to establish the brand goodwill. In addition, in order to increase the demands and brand goodwill, both long term and short term advertising efforts have been considered by players in [28] . Motivated by [28] , subsequently, the advertising strategies with competition between the national brand and private brand have been studied in [29] . Moreover, the advertising strategies through the mobile platform have been given in [30] by building the differential game model, where the results showed that the owner can obtain more profits under certain conditions if it participates the apps' advertising. When the competition becomes a concern, the frameworks have been proposed in [31] , [32] to discuss the ''multiple manufacturer vs single retailer''and ''single manufacturer vs multiple retailer''. For example, the negative effects from the competitor's advertising onto the brand goodwill have been considered in [33] , where a differential game incorporating goodwill dynamics of manufacturer brands has been established. Furthermore, a non-cooperative differential game has been considered and the Feedback Stackelberg equilibrium strategies have been given in [34] , where a retailer sells manufacturer's brand as well as own private label and each brand's goodwill obeys the modified Nerlove-Arrow model. Regarding the contract coordination issue considering the dynamics of goodwill, the two-part tariff contract and the committed dynamic transfer price contract have been discussed in [35] , [36] . Nevertheless, it is worthwhile to notice that the above results have focused mainly on the traditional supply chain without taking the consignment contract into account. In addition, most of the existing results have considered the case that the advertising plays an important role on increasing the goodwill level, but ignored the fact that the platform's goodwill can positively affect the brand's goodwill, which constitutes one of the current motivations.
Based on the above discussions, we aim to discuss the advertising strategies for a supply chain under consignment contract with the retailer's platform goodwill and the manufacturer's brand goodwill. The major contributions of the paper can be listed: 1) by adopting a differential game framework, our model captures the effect from retailer's platform goodwill onto manufacturer's the brand goodwill clearly; 2) the equilibrium strategies of supply chain under consignment contract within decentralized and centralized scenarios are given by taking the dynamic of platform retailer's goodwill and manufacturer's brand goodwill into account; and 3) a contract with goodwill-dependent fees is designed, which could coordinate the decentralized supply chain under consignment contract within the dynamic environment. At last, we use a simulation example to depict the effects of the share of the revenue and the effectiveness of advertising efforts on the equilibrium strategies as well as profits.
The remainder of the paper is listed as follows. In Section II, we develop a differential game model by considering the dynamics of platform goodwill and brand goodwill for the supply chain under the consignment contract. In Sections III and IV, we derive the equilibrium strategies under the decentralized and centralized scenarios. In Section V, we design a linear goodwill-dependent contract, which is used to coordinate the decentralized supply chain. In Section VI, some numerical analyses are carried out to gain more managerial insights. In Section VII, we conclude the paper.
II. THE PROBLEM DESCRIPTION AND THE MODEL DEVELOPMENT
In this paper, we consider a two-echelon supply chain consisting of a retailer and a manufacturer, where the retailer owns a sale platform with higher goodwill and the manufacturer sells own brand product through the retailer's platform. The retailer offers a consignment contract with revenue sharing to the manufacturer, which specifies that the retailer keeps φ share of the retail price for per unit of the product sold. In particular, let c M be the manufacturer' constant unit production cost and c R be the retailer' unit handling cost for selling the VOLUME 7, 2019 product to the consumer. Hence, we can use c = c M + c R to represent the total unit cost for the channel and α = c R c to depict the share of the channel cost for a retailer.
We consider the dynamic characteristics of the retailer's platform goodwill E(t), which is given by:
where I (t) depicts the advertising effort at time t, which is made by the retailer in order to improve the platform goodwill, ε is the effectiveness of retailer's advertising effort, δ stands for the decay rate, and E 0 denotes the initial retailer's platform goodwill. The retailer's platform goodwill could enlarge the manufacturer's product demand, the reason is that the loyal users of the platform are potential consumers for manufacturer. That is to say, the retailer's platform goodwill always plays an important role in accumulating the manufacturer's brand goodwill. As such, we assume that the retailer's platform goodwill is a manufacturer's brand goodwill-building factor. Introducing this effect of the retailer's platform goodwill E(t) on manufacturer's brand goodwill G(t), the Nerlove and Arrow model is modified aṡ
where A(t) is the advertising effort at time t introduced by the manufacturer with hope to improve the product goodwill, the parameter β depicts the effectiveness of manufacturer's advertising effort, θ denotes the effectiveness of the retailer's platform goodwill on the brand goodwill, τ represents the decay rate, and G 0 stands for the initial product goodwill. As in [30] , the quadratic advertising cost functions with respect to the advertising effort are utilized, i.e., C(A(t)) = 1 2 k M A 2 (t) and C(I (t)) = 1 2 k R I 2 (t). According to [37] , the product demand is dependent on the retailer's platform goodwill E(t), the manufacturer's brand goodwill G(t), and the retail price of product p(t) in a separable multiplicative way, i.e.,
where a depicts the market capacity, b denotes the price sensitivity of demand. In addition, η and γ represent the effectiveness of the retailer's platform goodwill and the product goodwill on demand.
For an infinite time horizon and a common discount rate ρ, the following objective functions of the retailer and the manufacturer are given:
Then, the objective functional of the whole supply chain is the sum of the objective functions of the retailer and the manufacturer, i.e.,
III. THE OPTIMAL STRATEGIES UNDER THE CENTRALIZED SCENARIO
Under the centralized scenario, the retailer and the manufacturer can be seen as a whole system. Therefore, we are in a position to maximize the objective functional of whole supply chain by properly determining the retail price p and advertising efforts A as well as I . Theorem 1: Under the centralized channel structure, the optimal retail price is given by:
the optimal advertising efforts of the manufacturer and retailer can be described as:
Furthermore, the optimal trajectories of the retailer's platform goodwill and manufacturer's brand goodwill are
where
here E C SS and G C SS corresponds to the steady state of the platform goodwill and brand goodwill, respectively.
Proof: The optimization problem for the centralized channel is an optimal control problem, which can be described by:
The current-value Hamiltonian is:
41456 VOLUME 7, 2019 where λ C i (i = 1, 2) are costate variables. Then, it follows from the necessary conditions of maximum principle that
Next, it follows from (13)- (15) that
Substituting (18) into (16)- (17), we havė
Solving the above differential equations and according to transversality condition lim
Substituting (23)- (24) into equations (19)- (20), the optimal advertising strategies of retailer and manufacturer under the centralized channel structure can be given. Furthermore, by using the models (1)- (2), the optimal trajectories of the retailer's platform goodwill and the manufacturer's brand goodwill are obtained, which ends the proof of this theorem. From Theorem 1, it is not difficult to obtain the optimal profit of supply chain described by:
Moreover, we can obtain the following result. Proposition 1: Under the centralized channel structure, the impacts of key parameters on the optimal strategies can be given by:
It follows from Proposition 1 that some managerial implications can be obtained. Firstly, when the price impact becomes higher (i.e., a higher b), the manufacturer will decrease the retail price and invest less in the advertising effort. Similarly, the retailer should invest less in advertising effort when b becomes higher. Secondly, it should be noted that the advertising efforts of the manufacturer/retailer are increasing functions with respect to the effectiveness of the manufacturer's brand goodwill (i.e., γ ), which mean that both the manufacturer and retailer need to invest more advertising efforts when the effectiveness of the retailer's platform goodwill onto the market demand becomes higher (i.e., a higher γ ). Thirdly, the retailer will invest more advertising effort as the effectiveness of the platform's goodwill becomes higher (i.e., a higher η). Moreover, a higher effectiveness of the retailer's platform goodwill on the manufacturer's brand goodwill will result in the fact that the retailer should invest more advertising efforts (i.e., a higher θ ).
IV. THE OPTIMAL STRATEGIES UNDER THE DECENTRALIZED SCENARIO
In the decentralized scenario, the retailer and the manufacturer should make their own decisions in order to maximize their profits, where the retailer is the Stackelberg leader. Moreover, the sequence of events is described as: the retailer declares the advertising effort I (t) firstly, and then the manufacturer decides the retail price of product p(t) and the advertising effort A(t) based on the retailer's decision.
Theorem 2: According to the decentralized channel structure, the optimal retail price is given by:
the optimal advertising efforts of the manufacturer and retailer are:
Furthermore, the optimal trajectories of the retailer's platform goodwill and manufacturer's brand goodwill are:
here, E D SS and G D SS corresponds to the steady state of the retailer's platform goodwill and the manufacturer's brand goodwill.
Proof: According to the backward induction method, we need to derive the manufacturer's retail price of product p(t) and the advertising effort A(t) when the retailer's advertising effort I (t) is given. The optimal problem of the manufacturer can be given by:
In view of the differential game theory, the following current-value Hamiltonian is introduced for the manufacturer:
where λ M i (i = 1, 2) are costate variables. From the necessary conditions of maximum principle, it follows that:
Equations (32)- (33) imply
Substituting (36) into (35), we havė
Solving the above differential equation and according to transversality condition lim
Therefore,
Anticipating the manufacturer's response, the retailer's optimization problem is
Besides, the following current-value Hamiltonian is introduced for the retailer:
where λ R i (i = 1, 2) are costate variables. Substituting (36) and (40) into (41), we have
Similarly, from the necessary conditions of maximum principle, it follows that
Equation (43) implies
Solving the above differential equations (44)- (45) and according to transversality condition lim
Together with (36) , (40) and (46)- (47), the optimal advertising effort of retailer under the decentralized decision can be given. Finally, by using the models (1)- (2), the optimal trajectories of the retailer's platform goodwill and the manufacturer's brand goodwill are obtained, which complete the proof of this theorem.
From Theorem 2, substituting p D * , I D * and A D * into (4) and (5), the optimal profits of the retailer and the manufacturer can be obtained as:
Moreover, from Theorems 1-2, we can have the following proposition.
Proposition 2:
Comparing with optimal strategies under the decentralized and centralized scenarios, we have
Proposition 2 shows that the retailer's advertising effort under the centralized scenario is always higher than the one under the decentralized scenario, which means that the centralized decision-making is conducive to the establishment of platform goodwill. The manufacturer's advertising effort under the centralized scenario is not always higher than one of the decentralized scenario. When the share of revenue higher than a certain value, the manufacturer invest more advertising effort. When the revenue of share is higher than the retailer's share of the channel cost, the retail price under the decentralized scenario is higher than the one under the centralized case.
V. THE COORDINATION CONTRACT
As mentioned in [38] , the state-dependent incentive scheme is usually used to improve the performance of decentralized supply chain. Hence, we are ready to design a novel state-dependent contract (φ, m, n, l) in order to coordinate the supply chain under consignment contract. As in [20] , [39] , the main idea is to introduce the slotting fees f (E, G) (transfer from the manufacturer to the retailer), which linearly depends on the retailer's platform goodwill E(t) and manufacturer's brand goodwill G(t). We construct the following contract provisions. Firstly, the retailer announces a constant revenue share for each unit sold φ and a linear state-dependent slotting fees f (E, G), i.e., f (E, G) = mE(t) + nG(t) + l, where m, n and l are constants. Secondly, the manufacturer decides the retail price p(t) and the advertising effort A(t) by maximizing its own profit, while the retailer decides the advertising effort I (t) by maximizing its own profit.
Theorem 3: Under the contract (φ, m, n, l), the optimal strategies of channel members are given by:
where =
. Proof: Under the state-dependent contract (φ, m, n, l), we introduce the following objective functions for the retailer and the manufacturer:
Along the same line in the proof of Theorem 2, we can obtain the optimal strategies under the state-dependent contract (φ, m, n, l). Theorem 4: If the contract (φ, m, n, l) with l 1 < l < l 2 is utilized, where
, then the supply chain can be coordinated.
Proof: In order to coordinate the supply chain, the following conditions are met:
From (7), (8), (50) and (51), we have
Subsequently, according to I C * = I E * , one has
Then, the profits of the manufacturer and the retailer are given as follows:
. On the other hand, both the retailer and the manufacturer will participate the implementation of this contract, only when the contract can make them better off. Subsequently, according to J S * R > J D * R and J S * M > J D * M , we can get that both the retailer and manufacturer can make more profits if
Theorems 3-4 show that the retailer needs to set constant revenue share for each unit sold based on the share of the channel cost when the supply chain is coordinated by the contract (φ, m, n, l). Furthermore, the equilibrium strategies under this contract are independent of parameter l and the profits of the two players depend on the parameter l, therefore they may allocate the profits through this parameter.
VI. NUMERICAL ANALYSIS
In this section, we provide a numerical example to discuss the following three cases: (1) the effects from share of the revenue φ on the profits under decentralized scenario; (2) the effects from the share of the revenue φ on the equilibrium strategies under both decentralized and centralized scenarios; and (3) the effects from key system parameters β, ε, η, θ and γ onto the steady state, the advertising efforts as well as the profits of supply chain. In the sequel, assume that the gap of profits among the centralized and decentralized scenarios is
To address the above questions, the following values are chose:
The above parameter values are selected from previous references as in [30] , [37] in order to provide comprehensive illustrations.
Firstly, we discuss the effects from the share of the revenue φ on the profits under the decentralized scenario. Fig. 1 shows that the share of the revenue affects the retailer's profit in a proper manner. Initially, the retailer's profit increases with the share of the revenue, but the retailer's profit will decrease when the share of the revenue reaches φ R . That is to say, the retailer's profit achieves its maximum value at φ R , because a higher (lower) share of the revenue performs both positive and negative effects on the retailer's profit. To be more specific, a higher (lower) share of the revenue will lead to a higher (lower) retail price, which enhances (reduces) the profit margin and lower (increase) customer demand. In addition, the share of the revenue that makes the retailer invest maximum advertising effort (i.e., φ I ) does not bring the maximum profit to the retailer. Instead, a relatively low share of the revenue charged by the retailer (i.e., φ R ) can maximize the retailer's profit. It can be explained by the fact that a relatively lower share of the revenue charged by the retailer reduces the retailer's advertising effort, spurs the manufacturer to invest more in advertising effort, which enhance the profit of the retailer as well as the profits of the manufacturer and the whole supply chain. The manufacturer's profit reaches its maximum value at φ M and the total profit of supply chain under decentralized scenario reaches its maximum value at φ S , (φ M < φ S < φ R ), which mean that the retailer charge a relatively lower share of the revenue in order to maximize the profits of the whole supply chain. Figs. 2-4 depict the changes of the equilibrium strategies with the share of the revenue. In particular, from Fig. 2 , the price under the decentralized scenario is not always higher than the one under the centralized scenario. From Figs. 3-4 , the advertising effort under the decentralized scenario is not always lower than the one under the centralized scenario, which reaches the agreement with the assertion proposed in Proposition 2. On the other hand, Table 1 indicates the variations of the steady states, advertising efforts and profits under the centralized/decentralized scenarios. For more details, the following specific observations can be obtained: (1) Accompanying with the increasing effectiveness of manufacturer's advertising effort on the brand goodwill (i.e., a higher β), the manufacturer's advertising effort increases. A higher manufacturer's advertising effort results in a higher brand goodwill, which in turn leads to higher profits of the supply chain. In contrast to the decentralized equilibria, the brand goodwill and the profit under the centralized case are relatively higher. In addition, the effects from the retailer's advertising effort ε onto the equilibria and profits are similar to the impacts from β onto the equilibria and profits; (2) The retailer's advertising effort increases if the effects from the retailer's platform goodwill onto both the customer demand and the brand goodwill (higher η and θ ) increase. A higher advertising effort results in a higher retailer's platform goodwill and a higher brand goodwill, which in turn results in higher profits of the supply chain; and (3) An increasing effectiveness from the goodwill onto the customer demand (i.e., higher γ and η) can lead to higher profit of the supply chain. It can be interpreted by the fact that a higher γ or η can encourage the manufacturer and the retailer to invest more in the advertising with hope to obtain increasing goodwill. Meanwhile, a higher brand goodwill and a retailer's platform goodwill could promote the customer demand, which ultimately performs higher profits.
VII. CONCLUSION
By considering the advertising effort as an important influential factor on the manufacturer's brand goodwill and the retailer's platform goodwill, we have presented a differential game involving single manufacturer and single retailer in the supply chain under consignment contract. Based on the optimal control theory, we have provided the strategies of optimal pricing and advertising under the decentralized and centralized scenarios. Furthermore, we have investigated how to design a contract by introducing the slotting fees. The main novelties lie in that i) the effects from the retailer's platform goodwill and manufacture's brand goodwill on market demand have been considered; ii) both the pricing and advertising efforts have been given under the centralized and decentralized scenarios by constructing the differential game model, and then the decentralized supply chain has been coordinated by using a state-dependent contract. Finally, a numerical example has been utilized to demonstrate the effectiveness of advertising efforts, the effects from the retailer's platform goodwill and the brand goodwill onto the equilibria and profits. It is worthwhile to mention that the following assertions have been revealed: (1) the optimal retail price is not always low under the centralized setting, and the optimal advertising effort is not always high under the centralized setting; and (2) the linear state-dependent contract can effectively coordinate the decentralized supply chain under the consignment contract.
Motivated by the proposed method, some potential extensions can be listed. Firstly, the system considered is formed of a manufacturer and a retailer, a potential extension is to add competition between manufacturer and retailer or add competition between retailers as in [6] . Secondly, the demand function is described by a separable multiplicative way in this paper. Future research can also consider other function forms since different demand functions may lead to significantly different results.
